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Question 6
i e : e & (-3)"! .3 3 3"
The Maclaurin series for a function f"is given by Z—n~x" =x-at+ 3x7 — -+ ———n——x” + -+ and
n=1

convergesto f(x) for |x| < R, where R is the radius of convergence of the Maclaurin series.

(a) Use the ratio test to find R.
(b) Write the first four nonzero terms of the Maclaurin series for f”, the derivative of £ Express f* asa

rational function for |r| < R.

(c) Write the first four nonzero terms of the Maclaurin series for e*. Use the Maclaurin series for e’ to write

the third-degree Taylor polynomial for g(x) = e* f(x) about x = 0.

(a) Let a, be the nth term of the Maclaurin series. 1 : sets up ratio
- 3:¢ 1 : computes limit of ratio
Dntl _ (3" i _ 3 ‘X 1 : determines radius of convergence
a, n+1 (_3)"*1 % Bkl
lim | =% x| = 3)x|
n—w|n + 1

3|x|<l:>|x|<%

The radius of convergence is R = %
(b) The first four nonzero terms of the Maclaurin series for [ are 3. { 2 first four nonzero terms

1—3x+9x2 — 275, 1 : rational function

P B
P =~ T—imm = To 5

(c) The first four nonzero terms of the Maclaurin series for ¢* are 1 : first four nonzero terms
2 3 . ,
Bk i < x_! £ i‘T 3: of the Maclaurin series for e*
213

2 : Taylor polynomial
The product of the Maclaurin series for ¢* and the Maclaurin
series for fis

XX 3 2 3
1+x+—zr+?+--- X=X + 3x7 — -

=x—%x2+2x3+---

The third-degree Taylor polynomial for g(x) = e* f(x)

about x = 0 is B3(x) = x — %xz +2x°,
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Question 6

2’1

oo
The Taylor series for a function f about x =1 is given by Z(—l)"Jr1 .

n=1

|x — 1| < R, where R is the radius of convergence of the Taylor series.

(a) Find the value of R.

(x —1)" and converges to f(x) for

(b) Find the first three nonzero terms and the general term of the Taylor series for /7, the derivative of f; about
%=1,

(c) The Taylor series for /" about x = 1, found in part (b), is a geometric series. Find the function /* to which
the series converges for |x — 1| < R. Use this function to determine / for |x - 1| < R.

(a) Let a, be the nth term of the Taylor series. 1 : sets up ratio
42 il sl 3: < 1:computes limit of ratio
n

Gn1 _ DT (- n 1 : determines radius of convergence
an n+ l (_l)rH-! 2n (x _ l)n

_ =2n(x-1)

T on+l
i ‘M| = 2|x -1
n—eo n+1

2x-1<1= |x-1] <5

The radius of convergence is R = %

(b) The first three nonzero terms are . { 2 : first three nonzero terms
2-4(x-1)+8(x-1)>. | 1 : general term

The general term is (~1)"*'2" (x = 1) for n > 1.

(c) The common ratio is —2(x — 1). 1: ()
2 5 1 3:4 1: antidenvative
f(x)=1_(_2(x_1)):2x_1forlx—l|<5 lf(x)

f(x):f—i;g_—ldx=ln|2x—l|+C

f)=0
In[lj]+C=0= C=0

f(x) = In]2x - 1| for|x—1|<%
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Question 6

A function f has derivatives of all orders at x = 0. Let P,(x) denote the nth-degree Taylor polynomial
for f about x = 0.

(a) Itis known that f(0) = —4 and that P,(l) = 3. Show that f'(0) = 2.

2

(b) Itis known that f"(0) = —% and f"'(0) = % Find Py(x).

(c) The function A has first derivative given by h'(x) = f(2x). It is known that /(0) = 7. Find the

third-degree Taylor polynomial for 4 about x = 0.

(a)

(b)

(c)

R(x)=f(0) + f(0)x = =4 + [(0)x

Rlg)=-4+r©5=--3

()5 =1
f10)=2

2 3

2\ x I x
P}(x):—4+2x+(—§)'j+§'ﬁ

s o W N
=4+ 2x 3x +18x -l

Let Q,(x) denote the Taylor polynomial of degree n for 4 about
x=0.

H(x) = £(20) = 03'(x) = =4 +2(2x) - 1(2x)"

N

Oy(x)=—4x+4-X —%-—3+c; C = 0,(0) = h(0) = 7

x x

2 3
O3(x) =7 — 4x + 2x* —%x3
OR

R(x) = f(2x), h"(x) =2/'(2x), A" (x) =4/"(2x)
K(0) = £(0) = =4, h"(0) = 2'(0) = 4, h"(0) = 4£"(0) = _%
3

2
=%, LSS D S 2_4.3
Oi(x)=T7—4x+4 T3 3!—7 :4x+2x g

' © 2013 The College Board.
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1

s uses F(x)
s verifies f'(0) =2

: first two terms
: third term
: fourth term

:applies /'(x) = f(2x)
: constant term
: remaining terms
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Question 6

The function g has derivatives of all orders, and the Maclaurin series for g is
+1 3 5

T W
"Z(:)( )2n+3 37577

(a) Using the ratio test, determine the interval of convergence of the Maclaurin series for g.
(b) The Maclaurin series for g evaluated at x \='-;— is an alternating serics whose terms decrease in absolute

value to 0. The approximation for g(%) using the first two nonzero terms of this series is 1270 Show that

this approximation differs from g( l ) by less than %

(c) Write the first three nonzero terms and the general term of the Maclaurin series for g'(x).

2n+3
X 2n+3|_(2n+3) 2 . :
(a) PR (Zn T 5) x . | : setsup ratn.J . '
o - By 1 : computes limit of ratio
1 : identifies interior of
1m(2n+3]. 2 _ 2 5 .
i Lo interval of convergence
1 : considers both endpoints
el > —l<x<l 1 : analysis and interval of convergence
The series converges when —1 < x < 1.
1,1 1 1

When x = ~1, the series is -3t ‘—:‘—17&+‘§ e

This series converges by the Alternating Series Test.

When x =1, the series is lﬁl+l~-l+---

’ 3 5 7 9
This series converges by the Alternating Series Test.
Therefore, the interval of convergence is —1 £ x £ 1.
e
1 17 (f) 1 e 1 : uses the third term as an error bound
b |e{3)- 15 <5 = 537 < 305 - :
(6) ’g(z 1200577 " 224 “200 - . {l:errorbound
o gid= l_é 2 +ix4 . +(_])n(2n+l)x2n . - { 1 : first three terms
3 50 77 2n+3 " | 1: general term

7 © 2012 The College Board.
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Question 6

Let f(x)= sin(xz) + cos x. The graph of y = |f(5)(x)‘ is
shown above. ) A

(a) Write the first four nonzero terms of the Taylor series for
sin x about x = 0, and write the first four nonzero terms

of the Taylor series for sin(xz) about x = 0.

(b) Write the first four nonzero terms of the Taylor series for
cos x about x = 0. Use this series and the series for
sin(,\c2 ), found in part (a), to write the first four nonzero

terms of the Taylor series for f about x = 0.

(c) Find the value of 71%(0).

120

T

—

80 —

ay 0 //’\\_/

O 1
Graphof y = ‘f'(5)(x)|

(d) Let Py(x) be the fourth-degree Taylor polynomial for f about x = 0. Using information from the graph of

y = |f(5)(x)] shown above, show that 1

7(3)- ()] < 5000

. X X X
(a) smx:x—ﬁq—ﬁ—__j!—Jr
6 10 14
Sin(xz):xz—-’—;—!—+x_1__x_l+ :
2 4 6
X X X
(b) cosle—-i-!-+_a—m6_i.+.,.

2 4 6
121x
f(x)m].’_%_'_%_T.{.....

/90 . 6
(c) g I the coefficient of x” in the Taylor series for f about

x = 0. Therefore 7'®(0) = ~121.

(d) The graph of y = | /1%)(x)| indicates that max

FO(x)| < 40.

OSXS;
Therefore
1 1 0xs] fm(x)‘ 1y 40 1
SEXh .
2 R | D S| . %] | =
}3“(4) f(4)’“ 51 (4) “120.4° 3072 <3000°

© 2011 The College Board.
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1 : series for sin x
3 "

2 : series for sin(xz)

3 1 : series for cos x
2 : series for f(x)

1 : answer

| 1: form of the error bound
1 : analysis



(a)

AP® CALCULUS BC
2011 SCORING GUIDELINES (Form B)

Ly Question 6
Let f(x)= ln(l + x3).
o u 1w
The Maclaurin series for In(1+ x) is x — T i o e (=)™ - = + -+, Use the series to write

(b)

(c)

the first four nonzero terms and the general term of the Maclaurin series for f.

The radius of convergence of the Maclaurin series for f is 1. Determine the interval of convergence. Show
the work that leads to your answer.

Write the first four nonzero terms of the Maclaurin series for f* ( ) I gix)= I dt use the first

two nonzero terms of the Maclaurin series for g to approximate g(1).

(d) The Maclaurin series for g, evaiuated at x = 1, is a convergent alternating series with individual terms
that decrease in absolute value to 0. Show that your approximation in part (c) must differ from g(1) by
1
less than 5
6 9 12 3n 1 : first four terms
Voo i oo § [PV s g1
(@ x 73 e -1 n * | : general term
(b) The interval of convergence is centered at x = 0. ‘ 2 : answer with analysis
- - 111 1 ;
At x = —1, the series is —1 57373 - , which
diverges because the harmonic series diverges.
At x =1, the series is 1 H%+%~%+ coe - (=1)" -J’;+ -+, the
alternating harmonic series, which converges.
Therefore the interval of convergence is —1 < x £ 1.
(c) The Maclaurin series for f"(x), f’(!z), and g(x) are 1 : two terms for f'(t2)
= i ; .} 1: other terms for /(¢
L) D03 = 30 3% 4 38 - 3 42 ()
B o 1 : first two terms for g(x)
w | : approximation
f.(tz) ; Z(_])nn L3g0n2 _oqh 30 316 3,22 PP
n=l
n+l 3x6” X 3.7(5 31“ 3x17 3_7('23
8(x) Z( en-1 5 11 17 23
3 3 18
Thus g(1) = $Ti1= 3%
(d) The Maclaurin series for g evaluatedat x = 1 is alternating, and the | 1 : analysis
terms decrease in absolute value to 0.
18] 317 3 1
Thus g(l)—§ < ET <3

© 2011 The College Board.
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Question 6

Eqsxz_—-l for x # 0
flx)= 1x

s forx=0

The function f, defined above, has derivatives of all orders. Let g be the function defined by
= % {. ‘
gx) =1+ fl1)d

(a) Write the first three nonzero terms and the general term of the Taylor series for cos x about x = 0. Use this
series to write the first three nonzero terms and the general term of the Taylor series for f about x = 0.

(b) Use the Taylor series for f about x = 0 found in part (a) to determine whether f has a relative maximum,
relative minimum, or neither at x = 0. Give a reason for your answer.

(¢) Write the fifth-degree Taylor polynomial for g about x = 0.

(d) The Taylor series for g about x = 0, evaluated at x = 1, is an alternating series with individual terms that
decrease in absolute value to 0. Use the thlrd -degree Taylor polynomial for g about x = 0 to estimate the
value of g(1). Explain why thls esumate dlffers from the actual value of g(1) by less than %

2 4 n
x)=1-2 42 .. "l 1:
(a) cos(x) 7 a0 + (-1 (2n)' terms for cos x
. 5 " 3 2 : terms for f
 bLax X nel x7" : .
f(x) = ~5¥ TR 7] + ot (=1) G2 + 1 : first three terms
1 : general term

(b)  f7(0) is the coefficient of x in the Taylor series for / about x = 0, 5 1 : determines f'(0)
so f7(0) = 0. " | 1 : answer with reason
fz(' ) $ is the cocfficient of x* in the Taylor series for f about

— A — ‘I_ el

x=0,s0 f7(0) 7

Therefore, by the Second Derivative Test, f has a relative minimum at

x=0

3 5 1 : two correct terms

Blsi-Lat 2 2;{

@ A2 2 34 36 g hedmas | : remaining terms
1 1 37 ;
2R LA I 4 t
(d) g(l)=1 > t3a =73 5. { estima e.
1 : explanation

Since the Taylor series for g about x = 0 evaluatedat x =1 is
alternating and the terms decrease in absolute value to 0, we know

37 1 1
g(])——7—2— <ﬁ<a.

© 2010 The College Board.

Visit the College Board on the Web: www.collegeboard.com



AP® CALCULUS BC
2010 SCORING GUIDELINES (Form B)

Question 6

The Maclaurin series for the function f is given by f(x) = Z(_—ll)q-_i—z-i)—

n==2
(a) Find the interval of convergence for the Maclaurin series of /. Justify your answer.

on its interval of convergence.

2
(b) Show that y = f(x) is a solution to the differential equation x)’ - y = liXZx for | x| < R, where R is the
radius of convergence from part (a).
(zx)n-ﬂ
-1 - -
(@ lim nth-1 = lim {2x- nn 1‘ = lim |2x- 2 1’ = | 2x] 1 : sets up ratio
n—o00 " —00 n—oo
” (2x)” ! o ‘ 1 : limit evaluation
=1 5. 1 : radius of convergence
|2x| <1 for |x| < % " | 1: considers both endpoints
1 1 : analysis and interval of
Therefore the radius of convergence is 5 convergence
~ 1 . _ oo (_l)n (_l)li‘ B e 1
When x = Z,thesenesm;:; gy | _,,Zéﬂ—l
This is the harmonic series, which diverges.
1 e B TL (=)
LER= N L = &
When x 5 he series is ,;z ey i) |
This is the alternating harmonic series, which converges.
The interval of convergence for the Maclaurin series of f is (—%, %}
2 3 4 n n
(b) y = (Z;C) _(2;‘:) +(2;) _+(_1) (zlx) Froman l:seriesfory’
1y znn . 1 : series for x)”
=4xz—4x3+1§x4——--+%+-~ " | 1: series for xy" — y
o (-1)" ("2 “‘)”_‘1 2 1 : analysis with geometric series
r_ _ 2 o 3 _ = niax ’
y =8x 12x+3x + 1 +
' _ .l 3 64 4 (-1)" n(2x)"
xy = 8x 12x+3x + o +
xy' =y =4x -8 +16x! -+ ()" (20)" + -
=4 (1- 2x + 4% — oo (=1)" (22)" 7 4 )
The series 1— 2x + 4x? — -+ (=1)" (2x)" " + .- = Y (-2x)" isa
n=0
geometric series that converges to-l—%z—)'c— for |x| < % Therefore
Xy -y =4xt LI | x| PULIRRC
1+ 2x 2

© 2010 The College Board.
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Question 6
x2 x3 rz
The Maclaurin series for e* is ¢* =1+ x + =+ ek ? + ---. The continuous function f is defined
L0 -
by f(x)= (—? for x #1 and f(1) = 1. The function f has derivatives of all orders at x = 1.
x—1 :

i ._1\2
(a) Write the first four nonzero terms and the general term of the Taylor series for 7 about x =1.

(b) Use the Taylor series found in part (a) to write the first four nonzero terms and the general term of the
Taylor series for f about x =1.

(c) Use the ratio test to find the interval of convergence for the Taylor series found in part (b).

(d) Use the Taylor series for f about x =1 to determine whether the graph of f has any points of
inflection.

@ Ve e B B B

{ 1 : first four terms
o 2

1 : general term

(b)l+(x 1) (x—l) (x—l +_”+(x—1)2"

5. { 1 : first four terms
2 6 24 (n+ 1) " | 1: general term
(x _ 1)2ﬂ+2
[ Ly =1y
(c) lim (n+23. = lim (mt D (x" I) = lim (x=1) =0 1 : sets up ratio
n—oo (X‘“l) " n—)oo(n+2) n—ea M+ 2 ] L .
At 3: < 1 : computes limit of ratio
(n+1)!
_ ) 1 : answer
Therefore, the interval of convergence is (—oo, o).
@ S =1+ 220+ E2 -t 4 2.{1 L)
" | 1 : answer
2?1‘(2)? - 1) n-2
P ol

Since every term of this series is nonnegative, f”(x) = 0 for all x.

Therefore, the graph of 1 has no points of inflection.

© 2009 The College Board. All rights reserved.
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Question 6

The function f is defined by the power series
S)=1+(x+ D)+ (x+1) 7+ (x 1) 4= (x+1)"
n=0

for all real numbers x for which the series converges.
(a) Find the interval of convergence of the power series for f. Justify your answer.
(b) The power series above is the Taylor series for f about x = —1. Find the sum of the series for f.

.

(c) Let g be the function defined by g(x) = lef(t) dt. Find the value of g( 5

), if it exists, or explain
why g(—%) cannot be determined.

(d) Let h be the function defined by A(x) = f (x2 - 1). Find the first three nonzero terms and the general

term of the Taylor series for A& about x = 0, and find the value of h(l)

2
(a) The power series is geometric with ratio (x + ). 1 : identifies as geometric
The series converges if and onlysif |x + 1] < 1. Jva lalresl]| =]
Therefore, the interval of convergence is -2 < x < 0. 1 : interval of convergence
OR OR
: g [
lim _____(x ) —|= |x+1]<1 when 2<x<0 1 : sets up limit of ratio
a0 (x4 1)

3. < 1: radius of convergence

o .
At x = -2, the series is Z(Ll)”‘; which diverges since the 1 interval of convergence

n=0 AR
=]
terms do not converge to 0. At x = 0, the series is Z],
n=0
which similarly diverges. Therefore, the interval of
convergence is -2 < x < (.

(b) Since the series is geometric, 1 : answer
u e A e Lo
f(X)_,,Z(“)(x+1) _l—(x+1)_ If()r 2<x <.
1 . 1 =l 1 ; antiderivati
3 P L ; ve
—] = —— dx = —Inl. -~ 7
) g( 2) j.] x & £ nj)ﬁix:—l In 2 2 { 1 : value
(d) h(x)= j'(x2 - 1) =1+ #axt oM e 1 : first three terms
1 : general term
8- 4)-3 S
1 : value of h(i)

© 2009/The College Board. Al rights reserved.
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Question 3
x h(x) il K (x) n’(x) B(x) K4 (x)
1 11 30 42 99 &
2 80 128 # 4_;@ igi
3 317 % 1353 341123 1}25

Let /1 be a function having derivatives of all orders for x > 0. Selected values of A and its first four
derivatives are indicated in the table above. The function /4 and these four derivatives are increasing on

the interval 1 £ x £ 3.

(a) Write the first-degree Taylor polynomial for 4 about x = 2 and use it to approximate #(1.9). Is this

approximation greater than or less than 4(1.9) ? Explain your reasoning.

(b) Write the third-degree Taylor polynomial for 4 about x = 2 and use it to approximate A(1.9).

(¢) Use the Lagrange error bound to show that the third-degree Taylor polynomial for & about x = 2

approximates A(1.9) with error less than 3 x 10

(a) F(x)=80+128(x~2), so h(19) = R(1.9) = 672

P(1.9) < h(1.9) since k" is increasing on the interval
1<x<3.

+l4%(xf2)2 +

" i
PR TR R A T

h(19) ~ B(1.9) = 67.988 ~ - I

448

(b) P(x) =80 +128(x —2) T =2

(c¢) The fourth derivative of A is increasing on the interval

K9 (x)| = 222,

1 €£x<3, so max 9

1.9<x<2

4
Therefore, |4(1.9) — B(1.9)| < é_giﬂ_ﬂ

41
= 217037 x 107
.<3x107*

|

|

2: B(x)
1:R(1.9)
1: R(1.9) < k(1.9) with reason

2: B(x)
1: P(1.9)

1 : form of Lagrange error estimate

1 : reasoning

© 2008 The College Board. All rights reserved.
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Question 6

2x
1+ x%

Let f be the function given by f(x) =

{(a) Write the first four nonzero terms and the general term of the Taylor series for f about x = 0.

(b) Does the scries found in part (a);,' “:J\«"H‘E:I'l evaluated at x = 1, converge to /(1) ? Explain why or why
not. o
2x

1+ x

(c) The derivative of In(1+ x*) is . Write the first four nonzero terms of the Taylor series for

ln(l + xz) about x = 0.

(d) Use the series found in part (c) to find a rational number A such that |4 - ln(%)‘ < ﬁ Justify
your answer.
(a) l—]u =ltu+u +otu" 40 1 : two of the first four terms
1 s . W & S\ 3 : < 1 :remaining terms
]+x2:1—x TEE = +---+(—x) LA 1 : general term
2 2k 260+ 20% = 207 4 ()26 4
1+ x
(b) No, the series does not converge when x = | because when 1 : answer with reason

x =1, the terms of the series do.not converge to 0.

X
(c) ln(l + xz) =J 2 5 dt £ 1 : two of the first four terms
0 l+1¢ 2;

1 : remaining terms

:Ix(2:—213+215—217+---)dt
]
2 1 4 1 6 z];.8

=& X +—3—x e 4o
5\ 1y (1 11y 11y 118 , 1
(d) ln(z)—ln(l+z)_(§) _5(3) +§(E) —z(i) + - " l.usﬂsx—f
112 ALY 7 “11:valueof 4
v 4= (4 - (44 = 2. Ll
2 2/\2 32 : justification

Since the series is a converging alternating series and the
absolute values of the individual terms decrease to 0,

5 e 1 1
A”l“(1)1<§(5) T

3 64 100

YA 2
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